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The evolution of the Cabibbo-Kobayashi-Maskawa matrix and the quark Yukawa couplings is
performed for the one-loop renormalization group equations in the universal extra dimension model.
It is found that the evolution of mixing angles and the CP violation measure J may rapidly vary
in the presence of the Kaluza-Klein modes, and this variation becomes dramatic as the energy
approaches the unification scale.
PACS numbers: 12.15.Ff, 11.10.Hi, 11.10.Kk
I. INTRODUCTION
With the Large Hadron Collider (LHC) now up and running, exploration of the realm of new physics that may
operate at the TeV scale has begun. Among these models those with extra spatial dimensions might be revealed in
such higher energy collider experiments, where the universal extra dimension (UED) model makes for an interesting
TeV scale physics scenario; as it features a tower of Kaluza-Klein (KK) states for each of the standard model (SM)
fields, all of which have full access to the extended spacetime manifold [1]. This particular scenario has recently been
extensively studied in the literature, such as investigations of electroweak symmetry breaking, proton stability, gauge
hierarchy and fermion mass hierarchy problems, B physics, dark matter etc. [2–7]. This model has been a fruitful
playground for addressing a variety of puzzles in the SM.
On the other hand, it is well known that in the SM, the quark sector’s flavor mixing is parameterized by the
Cabibbo-Kobayashi-Maskawa (CKM) matrix:
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 =

 V11 V12 V13V21 V22 V23
V31 V32 V33

 , (1)
which makes it possible to explain all flavor changing weak decay process and CP-violating phenomena to date, where
the 10 year run of Babar at SLAC and the Belle detector at KEK has greatly improved our knowledge of the CKM
matrix elements. In particular, for the standard parameterization of the CKM matrix, which has the form:
VCKM =

 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 , (2)
where s12 = sin θ12, c12 = cos θ12 etc. are the sines and cosines of the three mixing angles θ12, θ23 and θ13, and δ is
the CP violating phase.
The CKM matrix highlights that, in the quark sector of the SM, we have ten experimentally measurable parameters,
i.e. six quark masses, three mixing angles, and one phase. A completely satisfactory theory of fermion masses and
the related problem of mixing angles is certainly lacking at present, however, there has been considerable effort to
understand the hierarchies of these mixing angles and fermion masses in terms of the renormalization group equations
(RGE) [8–14]. Recall that in order to explore the physics at a high energy scale we use RGE as a probe to study
the momentum dependence of the Yukawa couplings, the gauge couplings, and the CKM matrix elements themselves.
As such we can consider one of the primary goals of the LHC as being to uncover any new dynamics within the
TeV range. Instead of assuming the RGE goes from the MZ scale up to the GUT scale (10
15 GeV) by using the
SUC(3)×SUL(2)×UY (1) symmetry, we know that models with extra dimensions may bring down the unification to
a much lower energy scale.
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2The UED model we shall consider places all SM particles in the bulk of one or more compactified extra dimensions.
In the simplest case, there is a single flat extra dimension of size R, compactified on an S1/Z2 orbifold. Therefore,
from a 4-dimensional view point, every field will have an infinite tower of KK modes, with the zero modes being
identified as the SM states. If these KK modes are indeed within the TeV range, they would modify the running of
the RGE at relative low energy scales. However, like any higher dimensional theory, the UED model should be treated
only as an effective theory which is valid up to some scale Λ, at which a new physics theory emerges. Between the
scale R−1 where the first KK states are excited and the cutoff scale Λ, there are finite quantum corrections to the
Yukawa and gauge couplings from the ΛR number of KK states. Up to the scale R−1 the first step KK excitation
occurs, the RG evolution is logarithmic, controlled by the SM beta functions. With the increasing of the energy, that
is, when the KK threshold is crossed for each successive mode, new excitations come into play and govern new sets of
beta functions. The values of physical parameters such as Yukawa couplings and gauge couplings do not run in the
old SM fashion, instead they receive finite quantum corrections whose magnitudes depend explicitly on the value of
this cutoff parameter. As a result, once the KK states are excited, these couplings exhibit power law dependences on
Λ. This can be illustrated if ΛR ≫ 1, to a very good accuracy, the generic SM beta function is shown to have the
power law evolution behavior [4]
βSM → βSM + (S(µ)− 1)β˜ , (3)
where β˜ is a generic contribution from a single KK level, and where its coefficient is not a constant but instead S(µ) =
µR, with µMax = Λ, reflecting the power law running behavior. As a result of faster running, the gauge couplings
tend to lower the unification scale down to a relatively low order, which might be accessible to collider experiments,
such as the Tevatron Run-II, LHC or the proposed international linear collider (ILC). Therefore, constraints from
precision electroweak tests and current (or future) collider data would yield bounds on the compactification radius R.
The RGE are an important tool for the search of the properties of the quark masses and the CKM matrix at
different energy scales. It is therefore of great interest to have an implementation of the UED model in studying these
RGE. In this paper, we consider the UED model with a single compactified extra dimension. In section 2, we start
from the KK expansion of the SM fields and show the contributions of the relevant one-loop diagrams to the Yukawa
couplings at each KK level. The RGE of the Yukawa couplings are then derived by using the anomalous dimensions
of the wave function renormalization of the relevant fields and the vertex renormalization. We shall then derive the
one-loop RGE for the CKM matrix. In section 3 we shall quantitatively analyze the evolution of these RGE from low
energies up to the unification scale. The scale dependence of the mixing angles as well as the CP violation measure
J will be plotted. We also calculate their evolution behaviors for different compactification radii R. The last section
is devoted to a summary and our conclusions.
II. RENORMALIZATION GROUP EQUATIONS
Starting with the SM, which is based on the group structure SUC(3) × SUL(2) × UY (1) with one Higgs doublet,
the mass matrices arise from the Yukawa sector of the theory as given by
LY = YUεHu¯Q+ YDH∗d¯Q+ YEH∗e¯L , (4)
where Q and L are the SUL(2) doublets for the quark and lepton sectors, u, d and e are the right-handed SUL(2)
singlets for up-type, down-type quarks and leptons respectively, H is the Higgs doublet, and ε is the 2×2 antisymmetric
tensor, with ε12 = −ε21 = −1. The above equation implicitly contains the summation of the quark generations as
well as the summation over the SUL(2) indices. The information of the physical observables at the scale MZ can be
extrapolated to a higher energy scale by means of the RGE. It is well known that the evolution of the generic Yukawa
coupling
Y ψ¯RψLφ , (5)
which describes the fermion-boson interactions, is given by the beta function. Although the bare constants are
independent of the renormalization scale, the renormalized coupling constants will depend on the choice of the scale
parameter µ. As a result, the Yukawa coupling renormalization depends on the corresponding beta functions, including
contributions from the anomalous dimensions of the field operators. That is, its evolution is given by:
µ
∂
∂µ
lnY R =
1
2
µ
∂
∂µ
lnZψL +
1
2
µ
∂
∂µ
lnZψR +
1
2
µ
∂
∂µ
lnZφ − µ ∂
∂µ
lnZcouping , (6)
where Y R is the renormalized Yukawa coupling constant (we shall drop the index R for the remainder of the paper),
and ZψL , ZψR and Zφ are the wave function renormalization constants related to left-handed, right-handed fermions
3and Higgs boson respectively, and Zcoupling is the vertex renormalization constant; or in terms of the anomalous
dimensions, γwave =
1
2
µ
∂
∂µ
lnZwave, γcoupling = µ
∂
∂µ
lnZcoupling. In the current context, we have chosen to work with
the minimal UED model, i.e. the extra dimension is compactified on a circle of radius R with a Z2 orbifolding, which
identifies the fifth coordinate y → −y. The 5-dimensional KK expansions of the weak doublet and singlet as well as
the Higgs field are shown (the corresponding coupling constants among the KK modes are simply equal to the SM
couplings up to normalization factors, e.g. YU =
Y 5U√
piR
) as below:
H(x, y) =
1√
piR
{
H(x) +
√
2
∝∑
n=1
Hn(x) cos
(ny
R
)}
,
u(x, y) =
1√
piR
{
uR(x) +
√
2
∞∑
n=1
[
unR(x) cos
(ny
R
)
+ unL(x) sin
(ny
R
)]}
,
Q(x, y) =
1√
piR
{
qL(x) +
√
2
∞∑
n=1
[
QnL(x) cos
(ny
R
)
+QnR(x) sin
(ny
R
)]}
,
d(x, y) =
1√
piR
{
dR(x) +
√
2
∞∑
n=1
[
dnR(x) cos
(ny
R
)
+ dnL(x) sin
(ny
R
)]}
,
L(x, y) =
1√
piR
{
LL(x) +
√
2
∞∑
n=1
[
LnL(x) cos
(ny
R
)
+ LnR(x) sin
(ny
R
)]}
,
e(x, y) =
1√
piR
{
eR(x) +
√
2
∞∑
n=1
[
enR(x) cos
(ny
R
)
+ enL(x) sin
(ny
R
)]}
. (7)
The zero modes in the above equations are identified with the 4-dimensional SM fields, whilst the complex scalar field
H is Z2 even field, and there is a left-handed and a right-handed KK mode for each SM chiral fermion. Note that
in models with UED momentum conservation in the extra dimensions, we are led to the conservation of KK number
at each vertex in the interactions of the 4-dimensional effective theory (or strictly speaking, the KK parity (−1)n is
what remains conserved, where n is the KK number). In the bulk we have the fermion and gauge field interactions
as follows:
LLeptons =
piR∫
0
dy{iL¯(x, y)ΓMDML(x, y) + ie¯(x, y)ΓMDMe(x, y)} ,
LQuarks =
piR∫
0
dy{iQ¯(x, y)ΓMDMQ(x, y) + iu¯(x, y)ΓMDMu(x, y) + id¯(x, y)ΓMDMd(x, y)} , (8)
where ΓM = (γµ, iγ5), and M = 0, 1, 2, 3, 5. Explicitly, the kinetic terms are given by:
DMQ(x, y) =
(
∂M + ig
5
3GM + ig
5
2WM + i
1
6
g51BM
)
Q(x, y) ,
DMu(x, y) =
(
∂M + ig
5
3GM + i
2
3
g51BM
)
u(x, y) ,
DMd(x, y) =
(
∂M + ig
5
3GM + i
−1
3
g51BM
)
d(x, y) ,
DML(x, y) =
(
∂M + ig
5
2WM + i
−1
2
g51BM
)
L(x, y) ,
DMe(x, y) =
(
∂M − ig51BM
)
e(x, y) . (9)
The gauge couplings g53 , g
5
2 and g
5
1 refer to those of the SU(3), SU(2) and U(1) gauge groups respectively, and are
related to the 4-dimensional SM coupling constants gi =
g5i√
piR
. After integrating out the compactified dimension,
4FIG. 1: The one-loop corrections of the additional diagrams (to the SM type diagrams) from the fifth component of the vector
fields to the Yukawa couplings in Eq.(5), introduced at each KK excited level. The dashed line is for the Higgs field, the dotted
line is for the A5 scalar. In Table I the contributions to the anomalous dimension for each these possible diagrams is presented.
TABLE I: The anomalous dimensions for each diagram in Fig.1. Note that the columns refer to each type of fifth component
for the vector fields (g1, g2 and g3), for each type of wavefunction renormalization and proper Yukawa vertex renormalization,
along with their corresponding contributions in the rows for each type of Yukawa beta function.
γψL γψR γCoupling
Yukawa beta function g1 g2 g3 g1 g2 g3 g1 g2 g3
Up− type quark 1
2
g1
2( 1
6
)2 3
5
1
2
g2
2 3
4
1
2
g3
2 8
6
1
2
g1
2( 2
3
)2 3
5
1
2
g3
2 8
6
g1
2 2
9
3
5
g3
2 8
3
Down− type quark 1
2
g1
2( 1
6
)2 3
5
1
2
g2
2 3
4
1
2
g3
2 8
6
1
2
g1
2(− 1
3
)2 3
5
1
2
g3
2 8
6
−g1
2 1
9
3
5
g3
2 8
3
Lepton sector 1
2
g1
2 3
5
g2
2 3
8
1
8
g1
2 3
5
g1
2 3
5
the 4-dimensional effective Lagrangian has interactions involving the zero mode and the KK modes. However, these
KK modes cannot affect electroweak process at tree level, and only contribute to higher order electroweak processes.
For the one-loop diagrams of the Yukawa couplings, we choose the Landau gauge in what follows, as many one-loop
diagrams are finite in the Landau gauge and have no contribution to the renormalization of the Yukawa couplings.
We therefore consider the RGE for the quark-Higgs Yukawa couplings from which we obtain the evolution of the
quark masses and the CKM matrix. The one-loop Feynman diagram contributions to the Yukawa couplings in the
SM and UED model have been explicitly illustrated in Ref.[4, 8]. In the UED model, where for each energy level ni,
we effectively have a heavier duplicate copy of the entire SM particle content. That is, at each KK excited level, the
KK tower corresponding to the fields in Eq.(7) exactly mirror the SM field ground states. However, new contributions
from the A5,
A5(x, y) =
√
2
piR
∞∑
n=1
An5 (x) sin
(ny
R
)
, (10)
interactions (that of the fifth component of the vector fields, i.e. A5 = {G5,W5, B5}), as illustrated in Fig.1, also
contribute. In contrast, the fifth component of the gauge bosons A5(x, y) is a real scalar and does not have any zero
mode, transforming in the adjoint representation of the gauge group.
That is, each of the other graphs which contribute, due to the new excitations, exactly mirror the zero mode SM
ground state, where their contributions to the anomalous dimensions are exactly the same as those in the usual
4-dimensional SM. However, there is a subtlety here, due to the existence of both left- and right-handed chiral KK
modes in Eq.(7) (when the expansion of fermion fields is done), that is, we need to double count the anomalous
dimension contributions in contrast with those of the SM zero modes. We use dimensional regularization to extract
the anomalous dimensions from the divergent parts of the above one-loop diagrams, where in Table I we list the results
of the anomalous dimensions for the relevant fields and vertices in Fig.1, related to the up-type, down-type quarks,
and lepton Yukawa couplings respectively; where for simplicity we have omitted a common multiplicative factor of
1
16pi2
in the table. The one-loop RGE for the Yukawa couplings take the following form:
16pi2
dYU
dt
= βSMU + β
UED
U ,
16pi2
dYD
dt
= βSMD + β
UED
D , (11)
5where the Yukawa coupling beta functions have the form:
βSMU = YU
{
−
(
8g23 +
9
4
g22 +
17
20
g21
)
+
3
2
(
Y †UYU − Y †DYD
)
+ Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
,
βUEDU = YU
{
(S(t)− 1)
[
−
(
28
3
g23 +
15
8
g22 +
101
120
g21
)
+
3
2
(
Y †UYU − Y †DYD
)]
+2(S(t)− 1)Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
, (12)
and
βSMD = YD
{
−
(
8g23 +
9
4
g22 +
1
4
g21
)
+
3
2
(
Y †DYD − Y †UYU
)
+ Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
,
βUEDD = YD
{
(S(t)− 1)
[
−
(
28
3
g23 +
15
8
g22 +
17
120
g21
)
+
3
2
(
Y †DYD − Y †UYU
)]
+2(S(t)− 1)Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
. (13)
Note that here t = ln(µ/MZ) is the energy scale parameter, and S(t) = e
tMZR, where we have chosen the Z
boson mass as the renormalization point. The coupling constant g1 is also chosen to follow the conventional SU(5)
normalization.
Note that in deriving Eqs.(12,13), for the factor of g23 in the UED beta function of Eq.(12), as an explicit example,
we have γψL + γψR − γCoupling = −4/3g23 from Table I. Together with a factor −8g23 which is read off from the first
line of Eq.(12). This results from other one-loop graphs of the KK modes which mirror those of the SM zero mode.
This then leads to a total factor −28g23/3. At this point, our results differ from those of Ref. [4]. In Table I we
have positive signs for the wave function anomalous dimensions. Conventionally, the sign of γwave can be justified
by considering the fact that the wave function renormalization constant is less than unity for the gauge independent
interacting field [15], and the divergent parts of these one-loop diagrams are independent of A5 gauge dependencies.
Note that while the zero mode fermions are chiral as a result of orbifolding, the KK quarks and leptons at given levels
are vector like. This accounts for the relative factor of 2 between the first and second terms of the UED beta function
in Eqs.(12,13) for the overall proportionality factor S − 1, since both the KK left- and right-handed chiral states can
simultaneously contribute to the closed fermion one-loop diagrams. The interaction between A5 and the Higgs field
only contributes to the renormalization of the Higgs mass, thus the wave function anomalous dimensions of the Higgs
field is immune to the effects of A5. Similarly, for the lepton sector we have:
16pi2
dYE
dt
= βSME + β
UED
E , (14)
in which
βSME = YE
{
−
(
9
4
g22 +
9
4
g21
)
+
3
2
Y †EYE + Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
,
βUEDE = YE
{
(S(t)− 1)
[
−
(
15
8
g22 +
99
40
g21
)
+
3
2
Y †EYE
]
+ 2(S(t)− 1)Tr
[
3Y †UYU + 3Y
†
DYD + Y
†
EYE
]}
. (15)
Or, explicitly in diagonal form
16pi2
dya
2
dt
= ya
2
[
2(2S(t)− 1)T − 2GE + 3S(t)ya2
]
, (16)
where we use YE = diag(ye, yµ, yτ ), GE =
(
9
4
g22 +
9
4
g21
)
+(S(t)−1)
(
15
8
g22 +
99
40
g21
)
, and T = Tr[3Y †UYU +3Y
†
DYD+
Y †EYE ]. Eqs.(11,16) constitute a complete set of coupled differential equations for the three families.
Further, after diagonalizing the square of the quark Yukawa coupling matrices by using two unitary matrices U and
V ,
UY †UYUU
† = diag
(
f2u, f
2
c , f
2
t
)
,
V Y †DYDV
† = diag
(
h2d, h
2
s, h
2
b
)
, (17)
6in which f2u, f
2
c , f
2
t and h
2
d, h
2
s, h
2
b are the eigenvalues of Y
†
UYU and Y
†
DYD respectively, it follows that the CKM matrix
describing the quark flavor mixing in the charged current is given by
VCKM = UV
† . (18)
We will now obtain from Eq.(11) the RGE of the elements of the CKM matrix. Note that we can see from these
equations that one needs to know the running of Eq.(11) to obtain the evolution of the CKM matrix. By imposing
the unitary transformation, Eq.(17), on both sides of the evolution equations of Y †UYU and Y
†
DYD, and taking the
diagonal elements, we obtain the following two relations:
16pi2
dfi
2
dt
= fi
2

2(2S(t)− 1)T − 2GU + 3S(t)fi2 − 3S(t)∑
j
hj
2|Vij |2

 ,
16pi2
dhj
2
dt
= hj
2
[
2(2S(t)− 1)T − 2GD + 3S(t)hj2 − 3S(t)
∑
i
fi
2|Vij |2
]
, (19)
which describe the evolution equations of f2u, f
2
c , f
2
t and h
2
d, h
2
s, h
2
b respectively, where
GU = 8g
2
3 +
9
4
g22 +
17
20
g21 + (S(t)− 1)
(
28
3
g23 +
15
8
g22 +
101
120
g21
)
,
GD = 8g
2
3 +
9
4
g22 +
1
4
g21 + (S(t)− 1)
(
28
3
g23 +
15
8
g22 +
17
120
g21
)
. (20)
Recall that the eigenvalues of the Yukawa coupling matrices are the ratios of the fermion masses to the Higgs vacuum
exception value v, i.e. m =
v√
2
Y (where v = 246 GeV). The quark mass matrices then appear after the spontaneous
symmetry breaking from the quark-Higgs Yukawa couplings, where Eq.(19) describes how the squares of the physical
Yukawa couplings evolve. Considering the variation of the square of the Yukawa couplings, we may impose two new
unitary matrices to make them diagonal. Thus, by applying Eq.(18), we are led to the variation of the CKM matrix
and thus its evolution equation (beyond the threshold R−1):
16pi2
dVik
dt
= −3
2
S(t)

 ∑
m,j 6=i
fi
2 + fj
2
fi
2 − fj2
hm
2VimVjm
∗Vjk +
∑
j,m 6=k
hk
2 + hm
2
hk
2 − hm2
fj
2Vjm
∗VjkVim

 . (21)
The RGE for the squares of the absolute values of the CKM matrix elements, i.e. the rephasing invariant variables,
can now be calculated, where one can easily show the following relation holds:
16pi2
d |Vij |2
dt
= S(t)

3 |Vij |2
(
f2i + h
2
j −
∑
k
f2k |Vkj |2 −
∑
k
h2k |Vik|2
)
− 3f2i
∑
k 6=i
1
f2i − f2k
(2h2j |Vkj |2 |Vij |2 +
∑
l 6=j
h2l Viklj)
−3h2j
∑
l 6=j
1
h2j − h2l

2f2i |Vil|2 |Vij |2 +∑
k 6=i
f2kViklj



 , (22)
where
Viklj = 1− |Vil|2 − |Vkl|2 − |Vkj |2 − |Vij |2 + |Vil|2|Vkj |2 + |Vkl|2|Vij |2 . (23)
Note that this evolution does not explicitly depend on the gauge couplings, but on the evolution of the Yukawa
couplings.
The structure of the one-loop RGE for the gauge couplings is given by:1
16pi2
dgi
dt
=
[
bi
SM + (S(t)− 1)b˜i
]
gi
3 , (24)
1 Here our calculations agree with the results of Ref.[4], since we need to double count the contributions from both the right- and
left-handed KK modes for the internal fermion loop, which is in contrast with the results of Ref.[7] and [16].
7where bSMi =
(
41
10
,−19
6
,−7
)
and b˜i =
(
81
10
,
7
6
,−5
2
)
. Due to the contributions from the KK modes, the gauge
couplings are also altered to a power law evolution. Since the appearance of the extra dimensions causes their running
to vary much more rapidly, it may well be possible to contemplate a scenario in which perturbative gauge coupling
unification is preserved to a much lower energy scale. Therefore, if the unification scale is sufficiently low we can
actually avoid the gauge hierarchy problem.
III. PROPERTIES OF RGE EVOLUTION
From this full set of one-loop coupled RGE for the Yukawa couplings and the CKM matrix, together with those
for the gauge coupling equations, one can obtain the renormalization group flow of all observables related to up- and
down-quark masses and the CKM matrix elements. We assume the fundamental scale is not far from the range of
LHC scale, and set the compactification radii to be R−1 = 1 TeV, 2 TeV, and 10 TeV respectively. In the limit when
the energy scale is much smaller than R−1, since the energy of the system is less than the excitations of the first KK
modes, the theory reduces to the usual 4-dimensional SM, and the existence of the KK excitations are ignored. When
µ > R−1, excitations of many KK modes become possible, and the contributions of these KK states must be included
in all physical calculations. This is characterized by the second term in Eq.(3) in the general beta function. Hence we
apply the full RGE Eqs.(16,19,22) to explore the scaling dependence behaviors of these physical observables. For the
gauge couplings we take the initial inputs α1(MZ) = 0.01696, α2(MZ) = 0.03377, and α3(MZ) = 0.1184. Once the
energy passes R−1 the excited KK modes tend to increase rapidly this running of the gauge couplings, and ultimately
change the scale dependence of the gauge couplings from logarithmic to those of a power law as a function of µ.
Quantitatively, due to the fast running of the gauge couplings, we find they nearly meet at around t = 5.8, 6.5, 8.2
(that is, for µ ≃ 30, 60, 330 TeV) for radii R−1 = 1, 2, 10 TeV respectively.
The extra dimensions naturally lead to gauge coupling unification at an intermediate mass scale. To illustrate the
power law dependence of the Yukawa couplings quantitatively, we take mu(MZ) = 1.27 MeV, mc(MZ) = 0.619 GeV,
mt(MZ) = 171.7 GeV, md(MZ) = 2.90 MeV, ms(MZ) = 55 Mev , mb(MZ) = 2.89 GeV, me(MZ) = 0.48657 MeV,
mµ(MZ) = 102.718 MeV, and mτ (MZ) = 1746.24 MeV [17] for the initial input values for fermion masses, and run
the RGE of the Yukawa couplings fromMZ up to the GUT scale for our three different compactification radii R
−1 = 1
TeV, 2TeV, and 10 TeV . The initial Yukawa couplings are given by the ratios of the fermion masses to the Higgs
vacuum expectation value.
As illustrated in Figs.2-3, the Yukawa couplings evolve in the usual logarithmic fashion when the energy is below
1 TeV, 2 TeV, and 10 TeV for the three different cases. However, once the first KK threshold is reached, the
contributions from the KK states become more and more significant. The second terms on the right hand side of
Eq.(11) depend explicitly on the cutoff Λ, which have finite one-loop corrections to the beta functions at each massive
KK excitation level. Therefore, the running of the Yukawa couplings, or more precisely, the one-loop KK corrected
effective four dimensional Yukawa couplings, begins to deviate from their normal orbits and start to evolve faster and
faster. For the compactification radius R−1 = 1 TeV, the Yukawa couplings evolve faster than the other two, reaching
its maximum value at the unification scale of around 30 TeV, after that point their evolution will “blow-up” due to
the faster running of the gauge couplings and new physics would come into play. For the radius R−1 = 2 TeV, we
find similar behavior to the R−1 = 1 TeV case, where the “blow-up” scale is not very far from that of 1 TeV case.
However, for the third choice of radius, since the compactification radius is now much higher than the other two, we
need more energy to push it further toward its “blow-up” point, which is at a higher unification scale. We also observe
that the Yukawa couplings are quickly evolving to zero, however, a satisfactory unification of these seems to still be
lacking. The first generation fu and hd are driven to the order of 10
−6, while the ft, the heaviest one, is driven to the
order of 10−1. In Ref.[18], however, an additional scalar superfield is introduced which is located at the orbifold fixed
points and therefore lacks a KK tower. This scalar superfield’s contribution to the Higgs wavefunction renormalization
causes the unification of the Yukawa couplings to become feasible. In the UED scenario, the unification of the Yukawa
couplings is very desirable due to the fast power law running. This feature thus has the potential to address the
problem of fermion mass hierarchy. We plan to come back to this point in a future work. As such, we have so far
observed the Yukawa couplings all decrease with increasing energy, which agrees with what is observed in the SM,
however, the Yukawa couplings are driven dramatically towards extremely weak values at a much faster rate. This is
an interesting feature that distinguishes the UED model from that of the SM.
We next turn our attention to the quark flavor mixings. Because of the arbitrariness in choice of phases of the
quark fields, the phases of individual matrix elements of VCKM are not themselves directly observable. We therefore
use the absolute values of the matrix element |Vij | as the independent set of rephasing invariant variables. Of the
nine elements of the CKM matrix, only four of them are independent, which is consistent with the four independent
variables of the standard parameterization of the CKM matrix. Among these, the complex phase of the CKM matrix
80 2 4 6 80
1.´10-6
2.´10-6
3.´10-6
4.´10-6
5.´10-6
6.´10-6
7.´10-6
t
f u
0 2 4 6 80.0000
0.0005
0.0010
0.0015
0.0020
0.0025
0.0030
0.0035
t
f c
0 2 4 6 80.0
0.2
0.4
0.6
0.8
1.0
t
f t
FIG. 2: The evolution of the Yukawa coupling fi (i = u top left panel, c top right panel, t bottom panel), where the solid line
is the SM, the dotted line is the R−1 = 1 TeV UED case, the dotted-dashed line is the 2 TeV UED case and the dashed line is
the 10 TeV UED case.
characterizes CP-violating phenomena, which have been unambiguously verified in a number of K − K¯ and B − B¯
systems. Conventionally, one uses the Jarlskog rephasing invariant parameter J = ImVudVcsV
∗
usV
∗
cd to present CP
violation phenomena. Its square can be written as follows:
J2 = |V11|2|V22|2|V12|2|V21|2 − 1
4
(
1− |V11|2 − |V21|2 − |V22|2 − |V12|2 + |V11|2|V22|2 + |V21|2|V12|2
)2
. (25)
For definiteness, we choose the |Vub|, |Vcb|, |Vus| and J as the four independent parameters of VCKM , and take the
initial values |Vub| = 0.00347, |Vcb| = 0.0410, |Vus| = 0.2253 and J = 2.91 × 10−5 [19]. In Fig.4 we plot the energy
dependence of these four variables from the weak scale all the way up to the unification scale for different values of
compactification radii R.
We observe from these plots the following; the CKM matrix elements Vub ≃ θ13e−iδ, Vcb ≃ θ23, can be used to
observe the mixing angles θ13 and θ23 and that they increase with the energy scale; the variation rate becoming faster
once the KK threshold is passed. For the mixings related to the third family, the UED effects become sizable and the
mixing angles θ13 and θ23 change at a level of 15% between MZ and the unification scale, in contrast with the SM,
in which the angles only rise by around 5% at similar energy scales. By contrast, the variation of the Cabibbo angle
appears to be the least sensitive. Due to the smallness of the Yukawa coupling terms on the right hand side of Eq.(22),
the renormalization group flow of the mixing between the first two families turns out to be very small. Although the
mixing angle increases all the time, it is rather inert, even in the UED model. It has a maximum variation around the
order of λ6, for the Wolfenstein parameter λ = 0.22. However, for the parameter J , the characteristic parameter for
the CP non-conservation effects, its variation becomes very significant. The larger the value of the compactification
radius R, the faster J evolves to reach its maximum. We observe an approximate 30% increase for J at the unification
scale compared with its initial value. The absolute values of all the remaining magnitudes of the CKM matrix elements
can be obtained from the unitarity equations, thus we could determine the renormalization group evolutions of the
full CKM matrix. As depicted in Fig.4, with increasing energy the running of the CKM matrix shows a pronounced
pattern at the point where the KK modes are excited. As can be seen from Eq.(22), the evolution of the CKM matrix
is governed by the Yukawa couplings and the factor S(t). They evolve faster in the region where the power law scaling
of the Yukawa couplings becomes substantial. This effect is explicit for mixings involving the third family, due to the
large value of their Yukawa couplings.
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FIG. 3: The evolution of the Yukawa coupling hj (j = d top left panel, s top right panel, b bottom panel), where the solid line
is the SM, the dotted line is the R−1 = 1 TeV UED case, the dotted-dashed line is the 2 TeV UED case and the dashed line is
the 10 TeV UED case.
IV. SUMMARY
UED models with a compactification radius near the TeV scale promise to provide an exciting set of observable
phenomenology for collider physics. If the compactification radius R is sufficiently large, all SM particles KK partners
might be detected at accelerators, such as the LHC, which can run at center of mass energies of 10 TeV. In the UED
scenario we have examined the cumulative contribution of these KK states to the renormalization group evolution of
the Yukawa couplings and the CKM matrix. Due to the power law running of the gauge couplings, we can bring the
unification scale down to an explorable range at the LHC scale. This fact is in clear contrast to the SM. We have
plotted the evolution of the Yukawa couplings in the UED for different compactification radii R, where as depicted in
Figs.2-3, the rapid decrease of the Yukawa couplings with energy is in clear contrast to the slow logarithmic running
predicted by the SM. By permitting the Yukawa couplings to receive power law corrections in the UED model we show
that extra dimensions provide a potential mechanism for explaining the fermion mass hierarchy. To introduce new
fields in the bulk or at the orbifold fixed points that allows new terms in the beta function may give us an alternative
evolution scenario. A more detailed analysis in this direction will be attempted in a future publication.
To conclude, we have investigated the consequence of the UED model on the Yukawa couplings and CKM matrix
elements evolution. We performed a qualitative study of the behavior of different mixing angles and the CP violation
measure J as well. The energy dependence of |Vus| is very weak and qualitatively different from those of the mixing
behaviors involving the third generation. However, when the unification scale is approached, its variation is rather
rapid, in clear contrast to the slow variation of the SM. While the evolution of the Cabibbo angle is tiny, the elements
|Vub| and |Vcb| increase sizably, the relative deviations for these can be up to 15% in the whole range from MZ to
the GUT scale. As for the energy scaling of J , the contribution of KK modes is substantial. Its numerical analysis
shows us that its variation can be raised to more than 30%. The scale deviation of renormalization curves from the
usual SM one depends closely on the value of the compactified radius R. The smaller the radius is, the higher the
energy scale we need to differentiate the UED curve from the SM one. A comparison between theoretical predictions
and experimental measurements will be available once the LHC is running at its full scale and the acquisition of
data becomes available. It is believed that it will set a strong limit on the parameters of this model, and a precise
determination of J , |Vub| or |Vcb| may lead to a discrimination between the SM and extra dimensional models.
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2 TeV UED case and the dashed line is the 10 TeV UED case.
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